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Abstract 
A (v, K, A) packing design of order v, block size K, and index 1 is a collection of K-element 
subsets, called blocks, of a v-set V such that every 2-subset of V occurs in at most L blocks. The 
packing problem is to determine the maximum number of blocks in a packing design. Packing 
with 1= 2 is called bipacking. In this paper we solve the bipacking problem in the case K = 5 and 
v = 13 (mod 20). 
1. Introduction 
A (v, IC, A) packing design of order v, block size rc and index 1 is a collection, j, of 
K-element subsets, called blocks, of a v-set V such that every 2-subset of V occurs in at 
most 1 blocks. 
Let b(v, K, A) denote the maximum number of blocks in a (v, K, 1) packing design. 
A (v, K, A) packing design with I/I?1 =~(v, K, A) will be called a maximum packing design. 
a(v, K, A) is called the packing number. It is well known [17] that 
where [x] is the floor of x. 
Many researchers have been involved in determining the packing numbers 
known to date (see references). Packings with K= 5 and 1= 2 are called bipacking 
of pairs by quintuples. In [S] we solved the bipacking problem in case v odd vf 13 
(mod 20) with the possible exceptions of v= 19,27,137,139,147. For simplicity let 
a(v, $2) be denoted by a(v) and J/(v, 5,2) be denoted by $(v). In this paper we solve the 
bipacking problem of pairs by quintuples for all v, v = 13 (mod 20). Specifically we 
prove 
Theorem 1.1. For all ~~13 (mod20), v#13, we have a(v)=+(v), and a(13)=$(13)-1. 
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2. Recursive constructions of bipacking designs 
In order to describe our recursive constructions, we need the notions of designs with 
a hole, transversal designs and truncated transversal designs. 
Let (V, b) be a (v, K, A) packing design, and let H be a subset of V of cardinality h. We 
shall say that (V, p) is an exact packing design with a hole of size h if (1) no 2-subset of 
H appears in any block, (2) every other 2-subset of V appears in precisely II blocks, 
(3) IBI = $(o, k> A) - Il/(h, k, 2). 
A necessary condition for the existence of an exact (v, K, A) packing with a hole of 
size h is given by the following lemma. 
Lemma 2.1 [Assaf-Hartman-Shalaby, [3]). Zf there exists an exact (v, K, A) packing 
design with a hole ofsize h then v>(K- l)h+ 1 and A(v-_)=Omod (K- 1). 
Let ~,l, m and v be positive integers. A group divisible design GD[rc, A,m, v] is 
a triple (V, b, y) where V is a set of points with 1 VI = v, and y = { G1, . . . , G,) is a partition 
of V into r sets of size m. The parts, Gi, of the partition are called groups. The 
collection of /? consists of K-subsets of V, called blocks with the following properties 
(1) lBnGil< 1 for all BEG and GiEy, 
(2) every 2-subset {x, y} of Y such that x and y belong to distinct groups is 
contained in exactly I blocks. 
A group divisible design GD [IC, 1, m, rem] is called a transversal design denoted by 
T[K, 2, m]. It is well known that a T[K, 1, m] is equivalent to ~-2 mutually orthogonal 
Latin squares of side m. In the sequel we shall use the following existence theorem for 
transversal designs. The proofs of these results may be found in [8,10,12,15, IS]. 
Theorem 2.2. There exists a T[6,1, m] for all positive integers m with the exception 
of me{2,3,4,6} and the possible exception of me{ 10,14,18,22,26,28,30,34,38, 
42,44,52). 
We now give the definition of truncated transversal design. Let IC,J. and m be 
positive integers and let u be non-negative integer. A truncated transversal design 
TT[K, 1, m, u] is a triple (V, ,!?, y) where V is a set of points with I VI = (K - 1)m + u 
and y=[G1, . . ..Gk} is a partition of V into K- 1 sets of size m and one set Gk of 
size u. Gi are called the groups of the truncated transversal design. The collection p 
consists of K-subsets and (K- 1) subsets of V, called blocks with the following 
properties. 
(1) IBnGij= 1 for all BE/I and 1 <i<K, 
(2) JBnG,J = 1 for all BEP such that JBJ = K, 
(3) every 2-subset (x, y} of V such that x and y belong to distinct groups is 
contained in exactly ,? blocks. 
Clearly TT[K, A, m, 0] is equivalent to a T[K - 1, 2, m]. Furthermore, if 0 <U d m then 
one may construct a TT[lc, 2, m, u] by removing points from the last group, and from 
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all the blocks which contain them. Thus we have the following existence theorem 
which is in the form most useful to us. 
Theorem 2.3. There exists a TT[6,1, m, u] for all integers 0 d u d m and for all positive 
integers m with the exception of me(2,3,4,6} and the same possible exceptions as in 
Theorem 2.2. 
In the following theorem we give some of our recursive constructions. 
Theorem 2.4. lf there exists a TT[6,l,Jm,fu] and there exists a (m+h,5,2) exact 
bipacking design with a hole of size h, then there exists a (5m+u + h, 52) exact 
bipacking design with a hole of size u + h. Furthermore if a(u + h)= r&u + h) then 
o(5m+u+h)=+(5m+u+h). 
Proof. Take a TT[6,1, irn, iu] and inflate this design by a factor of 2, that is, replace 
each block of size 5 and size 6 by the blocks of GD[5,2,2, lo] and GD[5,2,2,12], 
respectively, see [12, p. 2841 for the existence of these designs. Now add h new points 
to the groups. On the groups of size m construct a (m+ h, 52) exact bipacking with 
a hole of size h; and take these h points with the last group of size u to be the hole of 
the (5m+u+ h, 5,2) bipacking design. It is clear that if a(u+h)=$(u+h) then 
a(5m+u+h)=11/(5m+u+h). 0 
The other type of recursive constructions requires the notions of modified group 
divisible design. Let m, tc,l and v be positive integers. A modified group divisible 
design MGD[lc,1, m, v] is a triple (V, j?, y) where V is a set of points of size v, and 
Y={%, . ..t G,} is a partition of V into n sets of size m, called groups. The collection 
B consists of K-subsets of V, called blocks, with the following properties. 
(1) JBnGiJ<l for all BE/? and GiEy, 
(2) every 2-subset of k’ such that x and y are neither in the same group nor in the 
same row is contained in exactly 1 blocks of p. (We may look at the points of V as 
the points of an array of size m x n and then the groups of (V, /3, y) are precisely the 
columns of A). 
A resolvable design is a design of which the blocks can be partitioned into parallel 
classes. We write RB or RMGD with the appropriate parameters. The following 
theorem is in the form most useful to us and may be found in [4]. 
Theorem 2.5. There exists a RMGD[S, 1,5,5m] for m #2,3,4,6 and the possible 
exceptions of m~(10,14,18,22,26,28,30,34,38,42,44,52}. 
The next two theorems are a special case of Lemma 2.3 [43, we prove the first one 
for the reader’s convenience. 
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Theorem 2.6. Zf there exists a RMGD[S, 1,5,5m], and there exists a GD[5,2;2,2m] 
or GD[S, 2,2,2(m + l)] then there exists a (10m + 2u + 1,5,2) exact bipacking design 
with a hole of size 2u + 1 where 0 <u <m- 1 if a GD[S, 2,2,2m] exists; and 
1 <u,<m if a GD[5,2,2,2(m+l)] exists. Futhermore if CT(~U + 1) = 11/(2u + 1) then 
a(lOm+2u+ l)=$(lOm+2u+ 1). 
Proof. Take a RMGD[S, 1,5,5m]. This design has exactly m - 1 parallel classes of 
quintuples and one parallel class of block size m. Inflate this design by a factor of 2; 
and to u, 0 <u <m- 1, of these parallel classed add two points and construct 
a GD[5,2,2,12]. On the remaining parallel classes of quintuples construct 
a GD[S, 2,2, lo]. On the parallel class of blocks size m construct a GD[S, 2,2,2m] or 
add two points and construct a GD[S, 2,2,2(m + l)]. Finally add a point to the groups 
and construct a B[ll, 5,2]. (See [12] for the existence of this design.) It is clear that the 
resultant design is a (10m + 2u + 1,5,2) exact bipacking with a hole of size 2u + 1 and if 
a(2u+1)=11/(2u+l) then o(lOm+2u+1)=~(lOm+2u+1). 0 
Theorem 2.7. If there exists a (1) RMGD[S, 1,5,5m] where m=O, 1 or 4 (mod 5) or 
m = 1 (mod 3), and (2) a (20 + h, 5,2) exact bipacking design with a hole of size h then 
there exists a (20m+4u+ h+s, 5,2) exact bipacking design with a hole of size 
4u+h+s, O<u<m-1, where s=O, ijm=O or 1 (mod5), s=4 ifm~4 (mod5), 
and s = 4(m - I)/3 if m E 1 (mod 3). Futhermore if o(4u + h + s) = tj(4u + h + s) then 
o(20m+4u+h+s)=$(20m+4u+h+s). 
3. Proof of the main theorem 
Before giving an induction proof of Theorem 1.1, we require the direct construction 
of some bipacking designs with small values of v. 
Lemma 3.1. 
0(v) = e(v) for v = 33, 73. 
Proof. For v=33, let x=Z3 x Z,,u{a, b,c). Then the required blocks are 
<(O,O) (0,5) (LO) (L5) a)+i, iEZ, 
<(O,O) (0,5) (2,O) (2,5) b)+i, iEZ, 
((LO) (L5) (2,O) (2,5) c)+i, iEZ, 
<(O,O) (0,l) (0,2) (LO) (1,3)) mod(-,lO) 
<(O,O) (0,2) (0,6) (1, 1) (2,O)) mod(-, 10) 
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<(O,O) (0,3) (L6) (2,2) (2,4)) mod(-, IO) 
((O,O) (I, 4) (2,6) (2,7) (2,9)) mod(-, 10) 
((O,O) (I, 8) (2,2) (2,5) (2,6)) mod(-, 10) 
((LO) (1,l) (1,2) (L4) (2,3)) mod(-, 10) 
<(O,O) (1,7) (2,3) (2,7) a> mod (-, 10) 
<(O,O) (0,3) (1,7) (2,l) c> mod(-, IO) 
<(O,O) (L2) (126) (223) b) mod(-, 10). 
For V=73 let X=Zz x Z3su{a, b, c}. Then the required blocks are 
((0,O) (0, I) (0,3) (0,8) (0,20)) mod (-, 35) 
((0,O) (0,4) (0,13) (0,25) (LO)) mod(-. 35) 
<(O,O) (Ll) (1,2) (L4) (L9)) mod(-,35) 
((0,O) (036) (0,17) (0,27) (L20)) mod(-, 35) 
((0,O) (136) (1917) (1223) (L27)) mod(-, 35) 
((0,O) (0,5) (0,16) (L21) (L34)) mod(-,35) 
((0,O) (0,4) (Lll) (Ll9) (1,30)) mod(-,35) 
((O>O) (051) (1,13) (L25) (1934)) mod(-,35) 
((0,O) (0,2) (LO) (L3) (Ll8)) mod(-,35) 
((0,O) (0,3) (1,8) (1,13) (1,15)) mod(-,35) 
<(O,O) (0,6) (1,8) (L30) (L31)) mod(-,35) 
((0,O) (0,7) (I, 11) (1721) (1327)) mod(-, 35) 
<(O,O) (0,9) (1,28) (1,32) a> mod(-,35) 
<(O,O) (0,13) (L7) (L22) 6) mod(-,35) 
((0,O) (0,15) (1,6) (1,32) c) mod(-,35). q 
In the sequel we make use of the following lemma [S]. 
Lemma 3.2 (Assaf-Singh). Zf v= 3 (mod 20) then there exists an exact (v, 5,2) 
bipacking with a hole of size three, and hence o(v)=*(v). 
Lemma 3.3. There exists a GD[S, 2,2, v] where v=20,22,32,42,50. 
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Proof. For v =22,32,50 see [S]. 
For v=20 let X = 2, x Zgu{a, b}. Then the required blocks are 
((O,O) (0, 11 (0,3) (0,4) (1,2)) mod (-, 9) 
((O,O) (1, 11 (1,3) (1,5) (1,6)) mod(-,91 
GO,01 (0,21 (1,51 (1,61 a) mod(-,91 
((O,Ol (0,41 Cl,21 (1,81 b) mod(-,91 
For v=42 let X=Zb2, groups are {i, i+21j where i~Z,i. Then the required 
blocks are 
(0 1 2 4 10) (mod42) (0 3 11 25 30) (mod42) 
(0 4 13 26 31) (mod42) (0 6 16 23 30) (mod42). 0 
Lemma 3.4. 0(13)=1&13)- 1= 14. 
Proof. If a (13,5,2) packing design with 15 blocks exists then the number of pairs not 
covered is 6. Furthermore, the multi-graph of pairs not covered has every vertex of 
degree congruent to 0mod4. The only graph satisfaying these requirements is one 
with u- 3 isolated vertices, and 3 vertices each 2 of them joined by 2 edges. This 
means that the maximal packing configuration must come from completing a 2- 
RBIBD[10,4,2], that is, a B[10,4,2] of which the blocks can be partioned into 
parallel classes such that each parallel class contains each point twice. There are 
precisely 3 non-isomorphic B[lO, 4,2], [ 151, none of them is a 2-resolvable and hence 
$(13)<$(13). We now show that $(13)=$(13)-l. Let X={1,...,13} then the re- 
quired blocks are 
(1 2 3 5 11) (2 6 11 12 13) 
(1 2 8 10 12) (3 4 6 8 12) 
(1 3 7 8 13) (3 4 6 10 11) 
(1 5 6 10 13) (3 5 9 12 13) 
(1 7 9 11 12) (4 5 7 8 ll} 
(2 3 7 9 10) (4 5 7 10 12) 
(2 5 6 8 9) (8 9 10 11 13). 0 
In the following lemma we construct a (v, $3) bipacking for all v= 13 (mod 20), 
v < 273. 
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Lemma 3.5. For all VE 13 (mod 20), v # 13 and ~~273 we have a(v)=+(v) and 
a(13)=$(13)-1. 
Proof. For v=l3,33,73 see Lemmas 3.1 and 3.4. For v=133 take a RB[100,4,1]. 
There are 33 parallel classes so add 33 new points. On the 33 points construct 
a (33,5,2) bipacking design and take each block of RB[lOO, 4, l] twice. For v = 193 
proceed as follows. Take a RMGD[S, 1,5,40] and inflate this design by 4. To seven 
parallel classes of the original design, RMGD[S, 1,5,40], add 4 points to each parallel 
class and construct a GD[S, 2,4,24]. On the remaining parallel classes of quintuples 
construct a GD[S, 2,4,20]. On the parallel class of blocks size 8, add four points to the 
last group and construct a GD[S, 2,{4, S*>, 361, that is, a group divisible design with 
block size 5 and all groups of size 4 except one group of size 8. It is easy to construct 
this design since a GD[S, 1, {4,8*), 361 exists and this is equivalent to a RB[28,4,1], 
[13]. Finally add a new point to the groups and on the 7 groups of size 21 construct 
a B[21,5,2] and on the last group of size 25 construct a B[25,5,2]. The total number 
of points we added is 33. Now on the 33 points construct a (33,5,2) bipacking. For all 
other values of VE 13 (mod 20) v<273 see Table 1. q 
Now we can prove our theorem which is restated below for the reader’s 
convenience. 
Theorem 1.1. For all v- 13 (mod20), vf13, we have a(v)=@(v) and a(13)=$(13)-1. 
Proof. For v= 13,33,73 see Lemmas 3.1 and 3.4. For v d273 see Lemma 3.5. For 
all ~3293 a simple calculation shows that v can be written in the form 
v=20m+4u+h+s where m, u and h are chosen so that 
(a) There exists a RMGD[S, 1,5,5m], 
(b) 4u+h+s-13 (mod20) and 33<4u+h+s<113, 
(c) h=l, 
Table 1 
Y M u h Thm 
53 10 2 1 2.4 
93 9 1 2.6 
113 11 1 : 2.6 
153 15 1 2.6 
173 15 11 : 2.6 
213 21 1 2.6 
233 21 11 
:: 
2.6 
253 11 8 2.7 
273 25 11 2.6 
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(d) s=O if m=O or l(mod5), s=4 if m=4(mod5), s-4(m-1)/3 if m=l (mod3), 
(e) O<u<m-1. 
Now apply Theorem 2.7 and the result follows. 0 
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